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Abstract
We show that if Λ is a n-Koszul algebra and E = E(Λ) is its Yoneda algebra, then there is a full subcat-
egory LE of the category GrE of graded E-modules, which contains all the graded E-modules presented
in even degrees, that embeds fully faithfully in the category C(GrΛ) of cochain complexes of graded Λ-
modules. That extends the known equivalence, for Λ Koszul (i.e. n = 2), between GrE and the category of
linear complexes of graded Λ-modules.
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1. Introduction
From the classification of coherent sheaves over projective spaces by Bernstein, Gelfand and
Gelfand (see [5] or [6]), Koszul algebras have deserved a lot of attention. A systematic treat-
ment of them was given in [1], where the authors showed the existence of an equivalence of
categories between large subcategories of the graded derived categories of a Koszul algebra Λ
and its (quadratic) dual Λ!. They showed in addition that Λ! is also Koszul and canonically iso-
morphic to the Yoneda algebra E = E(Λ) of Λ. Recently (cf. [10]), the authors of the present
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122 R. Martínez-Villa, M. Saorín / Journal of Algebra 315 (2007) 121–133paper showed that there is an abelian version of the mentioned equivalences, valid for more gen-
eral graded algebras. Namely, after defining A! for an arbitrary positively graded algebra A, we
showed that there is an equivalence between the category GrA! of graded A!-modules and the
category LCA (respectively LC∗A) of linear complexes of projective (respectively almost injec-
tive) graded A-modules. In case A is Koszul, the equivalence of [1] can be obtained from that by
derivation.
As a generalization of Koszul algebras, Berger [2] introduced n-Koszul algebras, where n > 1
is an integer. They form a class of n-homogeneous algebras which includes all Artin–Schelter
regular algebras of global dimension  3 and, in case n = 2, coincides with the class of Koszul
algebras. If Λ is n-Koszul, then one also has a (n-homogeneous) dual algebra, still denoted Λ!,
from which the Yoneda algebra E = E(Λ) can be obtained by killing supports and appropriate
regrading on Λ! (see [7] and [11]). However, the existence, in the flavor of [10], of an equiva-
lence of categories between reasonably large subcategories of GrE and of the category C(GrΛ)
of cochain complexes of graded Λ-modules is still unknown. The same lack of knowledge can
be applied to the existence, in the flavor of [1], of equivalences between reasonably large subcat-
egories of the derived categories of graded modules over E and Λ. Such an equivalence exists,
however, in the context of A∝-algebras (cf. [9] and [8]).
The aim of this paper is to present, for every n-Koszul algebra Λ and each integer m, an
equivalence between a full subcategory LE of GrE containing all the graded E-modules pre-
sented in even degrees and a full subcategory Y (depending on m) of C(GrΛ) (cf. Corollary 4.7).
Since E = Λ!U as ungraded algebras, where U = nZ∪ (nZ+1), our strategy consists in showing
an equivalence of categories between suitable subcategories of GrΛ!U and C(GrΛ) (cf. Theo-
rem 4.3), which is valid for any graded algebra with relations of degree  n and from which the
desired result follows easily. The proof of last theorem is based on some consequences of the
results in [10] (see Section 2), on equivalences between subcategories of GrΛ! and GrΛ!U which
were given in [11] for arbitrary group-graded algebras, and on the transport of a torsion theory
from GrΛ! to the category nLCΛ of linear n-complexes of almost injective graded Λ-modules
(see Section 3).
In this paper we borrow the terminology from [10], with some concrete adaptations. So
the term positively graded algebra will stand for a Z-graded algebra A =⊕i∈Z Ai such that
Ai = 0, for all i < 0, A0 is isomorphic to a direct product of copies of the ground field K and
dimK A1 < ∝. The category of its right (respectively left) graded modules is denoted by GrA
(respectively AGr) and the full subcategory of locally finite graded modules is denoted lfgrA
(respectively Alfgr). Unless explicitly said otherwise, ‘module’ will mean ‘right module.’ No-
tice that, in our situation, the graded Jacobson radical of A is J gr(A) =⊕i>0 Ai and an object
T ∈ GrA is semisimple if, and only if, T J gr(A) = 0. That allows, in particular, to identify the cat-
egory ModA0 with that of semisimple graded A-modules concentrated in degree 0. If M ∈ GrA
then the graded socle Socgr(M), which is by definition the largest graded semisimple submod-
ule of M , is given by Socgr(M) = {x ∈ M: xJ gr(A) = 0}. If X ⊆ Z then we shall say that M
is generated (respectively cogenerated ) in degrees belonging to X in case every nonzero factor
(respectively subobject) of M in GrA has a support which intersects X nontrivially. Also, we
shall say that M is presented in degrees belonging to X in case it is the cokernel of a morphism
in GrA between projective objects generated in degrees belonging to X . Notice that if j ∈ Z and
M is cogenerated in degree j , then Socgr(M) = Mj . Recall also that the projective graded mod-
ules (i.e. the projective objects of GrA) are those in Add(⊕k∈Z A[k]), while the almost injective
graded modules are those in Add(
⊕
k∈Z D(A)[k]), where D =HomA0(−,A0) :AGr → GrA is
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o−−→ lfgrA (see
[10] for details).
We have a finite quiver Q associated to A, uniquely determined by the existence of isomor-
phisms KQ0 ∼= A0 and KQ1 ∼= A1 (of K-algebras and KQ0–KQ0-bimodules, respectively),
together with a structural homomorphism of graded algebras πA :KQ → A whose image is
the (graded) subalgebra A¯ of A generated by A0 ⊕ A1. When A¯ = A (i.e. πA is surjective),
we say that A is a graded factor of a path algebra. We shall use the letter Λ instead of A
when we want to emphasize that the algebra is a graded factor of a path algebra. All tensors
⊗ in the paper are tensor over KQ0 = A0. In general, if I = Ker(πA) then Ik = {x ∈ I : x is
homogeneous of degree k} is an A0–A0-sub-bimodule of KQk , for every k  0. We can con-
sider the orthogonal I⊥n ⊆ KQopn (for our fixed n  2) with respect to the canonical duality
KQ
op
n ⊗KQn → KQ0 = A0 (see [10]). The graded algebra A! = KQop/ < I⊥n > will be called
the n-homogeneous dual algebra of A and we also put !A = (A!)op . If Λ = KQ/I is a graded
factor of a path algebra, we shall say that it is n-homogeneous (respectively has relations of
degree  n) when I is generated by In (respectively
∐
kn Ik).
2. Graded modules versus n-complexes
In this section we extend the equivalences of [10] from (2-)complexes to n-complexes. Recall
that we have a canonical Z × Z-grading on A[X] by putting A[X](i,j) = AiXj , in case i, j  0,
and A[X](i,j) = 0 otherwise. We refer to that paper to see the interpretation of the objects of
GrA[X] as pairs (P ·, d ·), where P · ∈ GrZA and d · :P · → P · is a morphism in GrZA of degree +1.
We then denote by nLCA (respectively nLC∗A) the full subcategory of GrA[X] consisting of those
pair (P ·, d ·) (respectively (I ·, d ·)) satisfying the following two conditions:
(1) (P ·, d ·) (respectively (I ·, d ·)) is a n-complex (i.e. dk+n−1 ◦· · ·◦dk+1 ◦dk = 0, for all k ∈ Z),
(2) P k (respectively I k) is projective and generated in degree −k (respectively almost injective
and cogenerated in degree −k), for every k ∈ Z.
The objects of nLCA (respectively nLC∗A) will be called linear n-complexes of projective (re-
spectively almost injective) graded A-modules. We shall denote by nLcA (respectively nLc∗A) the
full subcategory of nLCA (respectively nLC∗A) consisting of those (P ·, d ·) (respectively (I ·, d ·))
such that P k (respectively I k) is finitely generated (respectively finitely cogenerated), for all
k ∈ Z. We then consider the fully faithful embeddings ΨA,νA :KQGr → GrA[X] given in [10,
Theorems 2.4 and 2.10]. We refer to that paper for their explicit definition, which we shall freely
use here.
Proposition 2.1. Let A =⊕i0 Ai be a positively graded algebra with quiver Q and A! be
its n-homogeneous dual. Then Ψ = ΨA :KQGr → GrA[X] induces by restriction equivalences
!AGr = GrA!
∼=−→n LCA and !Alfgr = lfgrA!
∼=−→n LcA.
Proof. By the proof of [10, Theorem 2.4], we know that Ψ establishes an equivalence of cate-
gories KQGr
∼=−→ LGA, where LGA is the full subcategory of GrA[X] consisting of those objects
(P ·, d ·) such that P k is a projective object of GrA generated in degree −k, for all k ∈ Z. We only
need to prove that if M ∈ KQGr = GrKQop and Ψ (M) = (P ·, d ·), then M · I⊥n = 0 if, and only
if, (P ·, d ·) is a n-complex.
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is convenient in the rest of this proof to view graded left KQ-modules as graded right KQop-
modules. On the one hand, Ψ (M) is a cochain n-complex iff the composition Mk ⊗ A[k] dk−→
Mk+1 ⊗ A[k + 1] · · · dk+n−1−−−−→ Mk+n ⊗ A[k + n] is zero, for each fixed k ∈ Z. But that is equiv-
alent to say that dk+n−1 ◦ · · · ◦ dk vanish on Mk ∼= Mk ⊗ A0. Direct calculation shows that
(dk+n−1 ◦ · · · ◦ dk)(x) = ∑p∈Qn xpo ⊗ p¯, for all x ∈ Mk , where p¯ = πA(p). Our goal is
to show that this latter sum is zero for all x ∈ Mk iff Mk · I⊥n = 0. To do that we consider
an ordering of Qn = {p1, . . . , pr , . . . , pr+s , . . . , pr+s+t }, where (i) {p1, . . . , pr} is a basis of
KQn modulo I ; (ii) {pr+1, . . . , pr+s} gathers the remaining p ∈ Qn which do not belong
to I ; (iii) {pr+s+1, . . . , pr+s+t } gathers the p ∈ Qn which belong to I . Since 0 = πA(pj ) ∈
An1
∼= KQnIn when j = r + 1, . . . , r + s, we have uniquely determined linear combinations
pj −∑1ir λijpi belonging to I , for j = r + 1, . . . , r + s, which can be taken with the
property that λij = 0 implies that pi and pj share origin and terminus. Those linear com-
binations together with the pj , with j = r + s + 1, . . . , r + s + t , form a basis of In. By
canonical methods of Linear Algebra, a basis of I⊥n is then given by the elements of the form
hi = poi + λi,r+1por+1 + · · · + λi,r+spor+s (i = 1, . . . , r). Now we have (dk+n−1 ◦ · · · ◦ dk)(x) =∑
1ir+s+t xpoi ⊗ p¯i =
∑
1ir xp
o
i ⊗ p¯i +
∑
r+1jr+s xpoj ⊗ (
∑
1ir λij p¯i) (notice that,
for r + s + 1 i  r + s + t , the summand xpoi ⊗ p¯i is zero because pi ∈ I ). We can write the
last summatory as
∑
1ir x(p
o
i +
∑
r+1jr+s λijpoj )⊗ p¯i =
∑
1ir xhi ⊗ p¯i . The fact that{p¯i : i = 1, . . . , r} is a K-linearly independent subset of An easily implies that the last summa-
tory is zero in Mk+n ⊗An iff xhi = 0 for i = 1, . . . , r . This is equivalent to say that Mk · I⊥n = 0
and we are done. 
If the above result completes [10, Theorem 2.4], the following one completes [10, Theo-
rem 2.10]:
Proposition 2.2. Let A =⊕i0 Ai be a locally finite positively graded algebra with quiver
Q and A! be its n-homogeneous dual. Then υ = υA :KQGr → GrA[X] induces by restriction
equivalences !AGr = GrA!
∼=−→n LC∗A and !Alfgr = lfgrA!
∼=−→n Lc∗A.
Proof. Let π :KQ → A be the canonical homomorphism of graded algebras whose kernel is I .
Again, we view the graded left KQ-modules as right KQop-modules. We need to prove that
if N ∈ GrKQop then υ(N) is a cochain n-complex iff Nk · I⊥n = 0, for all k ∈ Z. We have that
υ(N) is a cochain n-complex iff the composition HomA0(A,Nk)[k] d
k−→HomA0(A,Nk+1)[k +
1] · · · dk+n−1−−−−→ HomA0(A,Nk+n)[k + n] is zero, for all k ∈ Z, iff its −(k + n)-component
HomA0(An,Nk)
d−→ HomA0(An−1,Nk+1) d−→ · · · d−→ HomA0(A0,Nk+n) ∼= Nk+n is zero, for all
k ∈ Z. The latter happens iff ∑p∈Qn f (p¯)po = 0, for all f ∈ HomA0(An,Nk), where p¯ =
π(p). Since An1 = A1 · A1 · . . . · A1 is a direct summand of An in ModA0 and p¯ ∈ An1,
for all p ∈ Qn, we get that υ(N) is a cochain n-complex iff ∑p∈Qn f (p¯)po = 0, for all
f ∈ HomA0(An1,Nk). Now we choose an ordering of Qn = {p1, . . . , pr , . . . , pr+s , . . . , pr+s+t }
with the same criterion as in the proof of Proposition 2.1. Then {p¯1, . . . , p¯r} is a basis of
An1 and we have
∑
p∈Qn f (p¯)p
o =∑1ir f (p¯i)poi +
∑
r+1jr+s f (
∑
1ir λij p¯i)p
o
j =∑
1ir f (p¯i)(p
o
i +
∑
r+1jr+s λijpoj ) =
∑
1ir f (p¯i)hi , for every f ∈ HomA0(An1,Nk),
with the same terminology of the proof of Proposition 2.1. On the other hand, the A0-
homomorphisms An → Nk of the form xp¯∗(−) :a → xp¯∗(a), with i = 1, . . . , r and x ∈ Nk , gen-1 i i
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n
1,Nk) (see [10, Remark 2.1]). But, for f = xp¯∗s (−), we have
∑
1ir f (p¯i)hi =
xhs . Consequently, υ(N) is a n-complex iff xhs = 0, for all s = 1, . . . , r and x ∈ Nk , that is, iff
Nk · I⊥n = 0 for all k ∈ Z. That ends the proof. 
The reader is invited to extend to general n-homogeneous algebras results like the equivalence
of assertions 1, 2 and 5 in [10, Corollary 3.4] and of assertions 1 and 2 of [10, Corollary 3.5],
which were given there for quadratic algebras.
3. Transport of a torsion theory
We know from [11] that if A =⊕i∈Z Ai is a Z-graded algebra and S ⊆ Z is any subset, then
TS = {M ∈ GrA: MS = 0} is a hereditary torsion class closed for products in GrA. The following
is a handy way of identifying its associated torsionfree class.
Lemma 3.1. Suppose that A =⊕i0 Ai is positively graded, generated in degrees 0, 1 and A0
is semisimple. If S ⊆ Z is not upper bounded then, for a graded A-module M =⊕n∈Z Mn, the
following statements are equivalent:
(1) M is T -torsionfree, where T = TS ;
(2) HomGrA(A0[−m],M) = 0, for all m ∈ Z \ S .
Proof. (1) ⇒ (2) is clear.
(2) ⇒ (1). Notice that every morphism A0[−m] → M in GrA is given by left multiplication
by an element x ∈ annMm(A1). Hence the hypothesis is equivalent to say that annMm(A1) = 0,
for all m ∈ Z \ S . Recall that Supp(t (M)) ⊆ Z \ S . If t (M) = 0 (equivalently, Supp(t (M)) = ∅)
and m ∈ Supp(t (M)), then we pick up x ∈ t (M)m \ {0}. By assumption xA1 = 0 which implies
that t (M)m+1 = 0 and, hence, that m + 1 ∈ Supp(t (M)). By recurrence we get that the interval
[m,+ ∝) is contained in Supp(t (M)) ⊆ Z \ S . But that contradicts the fact that S is not upper
bounded. 
Throughout the rest of the section Λ =⊕i0 Λi is a graded factor of a path algebra (see
Section 1). We want to transfer the results of [11] (for A = Λ!) from GrΛ! to nLC∗Λ and nLCΛ
via υ and Ψ . We refer the reader to [11] for the definition and terminology about ring-supporting
subsets and right modular pairs of subsets of a group. Here we shall fix a modular pair (S,U) =
(m + U,U), with U =⋃k∈Z[kn, kn + r] and m ∈ Z, where n  2 and 0  2r  n, with strict
inequality 2r < n in case n > 2. Then, in case 2r = n = 2, we have S = U = Z = (S : U). In any
other case, we have (S : U) = m+ (U : U) = m+ nZ.
Lemma 3.2. Let I · = (I ·, d ·) ∈n LC∗Λ be a linear n-complex of almost injective graded Λ-
modules and let M ∈ GrΛ! be such that I · = υΛ(M). The following assertions hold:
(1) M ∈ T = TS if, and only if, I j = 0 for all j ∈ S =
⋃
k∈Z[m+ kn,m+ kn+ r];
(2) M is T -torsionfree iff HomGrΛ(D(Λ)[j ],Ker(dj )) = 0 for all j /∈ S ;
(3) If 0 2r < n then the following conditions are equivalent:
(a) M is generated in degrees belonging to (S : U) = m+ nZ;
(b) The differential dj−1 : I j−1 → I j satisfies that (Imdj−1)−j = (I j )−j for all
j ≡ m (mod n);
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Proof. By definition of υ , we have I j =HomΛ0(Λ,Mj )[j ] and, hence, assertion 1 follows. The
equivalence υ takes Λ0[−j ] onto the stalk n-complex D(Λ)[j ] (at the position j ). Then, using
Lemma 3.1, we have that M is T -torsionfree if, and only if, there are no nonzero morphisms
f · :D(Λ)[j ] → I · in nLC∗Λ, for all j /∈ S . But such a morphism is completely determined by the
induced morphism in GrΛ f :D(Λ)[j ] → Ker(dj ). Therefore M is T -torsionfree if, and only
if, HomGrΛ(D(Λ)[j ],Ker(dj )) = 0, for all j /∈ S , which proves assertion 2.
On the other hand, since the algebra Λ! is generated in degrees 0,1, it is easy to see that
M is generated in degrees belonging to (S : U) = m + nZ if, and only if, the multiplication
map Mj−1 ⊗ Λ!1 → Mj is surjective, for all j /∈ m + nZ. By using adjunction, that is equiva-
lent to say that the −j -component HomΛ0(Λ1,Mj−1) → Mj of the ‘differential’ dj−1 : I j−1 =
HomΛ0(Λ,Mj−1)[j − 1] →HomΛ0(Λ,Mj )[j ] = I j is surjective for all j ≡ m (mod n). Then
the equivalence of conditions (a) and (b) in (3) follows. The equivalence of (b) and (c) is clear
since Socgr(I j ) = (I j )−j , for all j ∈ Z. 
Recall from [11] that G(S,U) is the full subcategory of GrA with objects those M ∈ GrA
which are T -torsionfree and generated in degrees belonging to (S : U). We have the following:
Proposition 3.3. Let T = TS be the hereditary torsion class in GrΛ! defined by S =
⋃
k∈Z[m +
kn,m+ kn+ r]. The following assertions hold:
(1) T ∗ = υΛ(T ) is the hereditary torsion class of nLC∗Λ consisting of those I · ∈n LC∗Λ such that
I j = 0, for all j ∈ S .
(2) The functor ν = νΛ : GrΛ! → GrΛ[X] induces a commutative diagram:
G(S,U)
∼=
GrΛ!
pr.
∼=
Gr
Λ!T
∼=
G∗(S,U) nLC∗Λ pr. n
LC∗ΛT ∗
where the vertical arrows are equivalences of categories and the compositions of horizontal
arrows are fully faithful embeddings. Here G∗(S,U) =n LC∗Λ, when 2r = n = 2, and is the
full subcategory of nLC∗Λ consisting of those I · ∈n LC∗Λ satisfying conditions (a) and (b)
below, when 0 2r < n:
(a) HomGrΛ(D(Λ)[j ],Ker(dj )) = 0, for all j /∈ S ;
(b) Socgr(I j ) ⊆ Im(dj−1), for all j ≡ m (mod n).
Proof. In case 2r = n = 2 we have G(S,U) = GrA and the result follows from [10, Theo-
rem 2.10]. If 0  2r < n then the result follows from Proposition 2.2, Lemma 3.2 and [11,
Theorem 2.7]. 
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In this section we consider the case r = 1 of Section 3, i.e., the modular pair is (S,U) = (m+
U,U), where U = nZ∪(nZ+1) and m ∈ Z. We want to pass from n-complexes to (2-)complexes
via the appropriate contraction. We will consider parallels of the canonical contraction (see, e.g.,
[3] and [4]). Let C(GrΛ) be the category of (2-)complexes of graded Λ-modules. The unique
strictly increasing function δm =: δ(S,m) : Z → Z such that δm(0) = m and Im(δm) = S is given
by δm(2k) = m + kn and δm(2k + 1) = m + kn + 1, for all k ∈ Z (cf. [11, Lemma 4.9]). Hence,
δm(j) = m + δ(j) for all j ∈ Z, where δ = δ(U ,0) is the map used, for instance, in [7]. We have
an obvious additive functor H = Hm : nLC∗Λ → C(GrΛ) defined as follows. We take H(I ·) = I˜ ·
where I˜ k = I δm(k), for all k ∈ Z and, as differentials, d˜2j = dm+jn : I˜ 2j = Im+jn → Im+jn+1 =
I˜ 2j+1 and d˜2j+1 = dm+(j+1)n−1 ◦ · · · ◦ dm+jn+1 : I˜ 2j+1 = Im+jn+1 → Im+(j+1)n = I˜ 2j+2. The
objects in the essential image of H will be called H -liftable.
The following observation is trivial, but very useful.
Proposition 4.1. Let A =⊕i0 Ai be a positively graded algebra generated in degrees 0,1
and (S,U) as above. If M,N ∈ GrAU and f = (fi :Mi → Ni)i∈Z is a family of morphisms in
ModA0 , then the following assertions are equivalent:
(1) f =⊕fi :M → N is a morphism in GrAU ;
(2) f (xa) = f (x)a, for all x ∈ Mi and a ∈ A1 ∪An, where i ∈ Supp(M).
Proof. It is a straightforward consequence of the fact that, as an algebra, AU is generated by A0,
A1 and An. 
Proposition 4.2. The functor H = Hm : nLC∗Λ → C(GrΛ) is an exact functor having the follow-
ing properties:
(1) Ker(H) = T ∗S =: T ∗ and H induces a faithful functor nLCΛT ∗ → C(GrΛ).
(2) The composition G∗(S,U) ↪→n LC∗Λ H−→ C(GrΛ) is a faithful functor whose essential image
consists of those H -liftable complexes (I˜ ·, d˜ ·) satisfying condition (a) below, in case n = 2,
or both conditions (a) and (b), in case n > 2:
(a) I˜ j is almost injective and cogenerated in degree −δm(j), for all j ∈ Z;
(b) Socgr(I˜ 2j+1) ⊆ Im(d˜2j ), for all j ∈ Z.
(3) When Λ has relations of degree  n, the composition G∗(S,U) ↪→n LC∗Λ H−→ C(GrΛ) is
also full.
Proof. If n = 2 then T ∗ = 0, G∗(S,U) = LC∗Λ and H is the composition LC∗Λ ↪→ C(GrΛ) ?[m]−−→
C(GrΛ), where ?[m] is the canonical shifting of (2-)complexes. Then the functor H is a fully
faithful embedding and the three assertions trivially hold in this case.
We assume in the rest of the proof that n > 2. The exactness of H and the fact that Ker(H) =
T ∗ are clear. In order to prove property 1, we consider a morphism f · : I · → J · in nLC∗Λ and
will prove that H(f ·) = 0 iff f · is the zero morphism in the quotient category nLC∗ΛT ∗ . To see
that, using the equivalence of categories υ = υΛ : GrΛ!
∼=−→n LC∗Λ (cf. Proposition 2.2), we have
uniquely determined objects M,N and morphism g :M → N in GrΛ! such that I · = υ(M),
J · = υ(N) and f · = υ(g). One readily sees that H(f ·) = 0 iff the functor (−)S : GrΛ! → GrK
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quotient category GrΛ!T , where T = TS . But, by Proposition 3.3, we have that g = 0 in
Gr
Λ!T iff
f = 0 in nLC∗ΛT ∗ .
On the other hand, also by Proposition 3.3, the composition G∗(S,U) ↪→ nLC∗A
pr
 nLC
∗
ΛT ∗ is
fully faithful. That together with the above paragraph give that the composition G∗(S,U) ↪→n
LC∗Λ
H−→ C(GrΛ) is a faithful functor. By definition of G∗(S,U), we readily see that if (I˜ ·, d˜ ·) is
the image of (I ·, d ·) ∈ G∗(S,U) by H , then (Im(d˜2j ))−m−jn−1 = (I˜ 2j+1)−m−jn−1 for all j ∈ Z
(i.e. Socgr(I˜ 2j+1) ⊆ Im(d˜2j )). Conversely, suppose that (I˜ ·, d˜ ·) is an H -liftable (2-)complex
satisfying conditions (a) and (b) of the statement of the proposition. We first choose J · ∈n LCΛ
such that H(J ·) = I˜ ·. Then we have a unique M ∈ GrΛ! such that υ(M) = J ·. Now condition
(b) translates into the fact that (Im(dm+jn))−m−jn−1 = (Jm+jn+1)−m−jn−1, for all j ∈ Z (here
d · is the ‘differential’ of the n-complex J ·). Bearing in mind [10, Lemma 2.9] and the definition
of ν, that means that the multiplication map Mm+jn ⊗ Λ!1 → Mm+jn+1 is surjective, for all
j ∈ Z. From that we get that if M ′ is the graded Λ!-submodule of M generated by Mm+nZ, then
Supp( M
M ′ ) ⊆ Z \ S , so that MM ′ ∈ T and, hence, M ∼= M ′ ∼= M
′
t (M ′) in GrΛ!/T . Then J · = υ(M) ∼=
υ( M
′
t (M ′) ) in
nLC∗ΛT ∗ . We take I
· = υ( M ′
t (M ′) ) and have that H(I
·) = I˜ ·. Since M ′
t (M ′) ∈ G(S,U), we
conclude that I · ∈ G∗(S,U) as desired.
We next prove assertion (3) assuming that the relations for Λ have degree  n. Take
I ·, J · ∈ G∗(S,U). Then we have uniquely determined M,N ∈ G(S,U) such that υ(M) = I ·
and υ(N) = J ·. Let f :H(I ·) → H(J ·) be a morphism in C(GrΛ). Then we get morphisms
f s : I s =HomΛ0(Λ,Ms)[s] →HomΛ0(Λ,Ns)[s] = J s in GrΛ, for every s ∈ S = (m + nZ) ∪
(m+ 1 + nZ), making commute the following diagrams:
. . . Im+(k−1)n+1
f
dn−1
Im+kn
f
d
Im+kn+1 . . .
f
. . . Jm+(k−1)n+1
dn−1
Jm+kn
d
Jm+kn+1 . . .
where dn−1 means the composition of n−1 consecutive ‘differentials’ of I ·. By [10, Lemma 2.8],
that gives uniquely determined morphisms in ModΛ0 gs :Ms → Ns , for every s ∈ (m + nZ) ∪
(m+1+nZ), such that f s =Hom(A,gs)[s]. The commutativity of the above diagram translates
into the commutativity of the following diagrams, for every k ∈ Z:
HomΛ0(Λn−1,Mm+(k−1)n+1)
dn−1
g∗
Mm+kn
g
HomΛ0(Λn−1,Nm+(k−1)n+1)
dn−1
Nm+kn,
HomΛ0(Λ1,Mm+kn)
g∗
d
Mm+kn+1
g
HomΛ0(Λ1,Mm+kn)
d
Mm+kn+1,
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∑
α∈Q1 h(α)α
o
, respectively. Now we con-
sider the obvious adaptation of [10, Lemma 2.9], which is also true replacing Q1 by Qn−1
due to the fact that Λ!i = KQopi for 0  i < n. Then the commutativity of the last two di-
agrams is equivalent to say that g(xa) = g(x)a whenever a ∈ Λ!1 ∪ Λ!n−1 and both deg(x)
and deg(xa) belong to S = (m + nZ) ∪ (m + 1 + nZ). If now a ∈ Λ!n and x ∈ Mm+kn, then
we have a = ∑i αiβi , where αi ∈ Λ!1 = KQop1 and βi ∈ Λ!n−1 = KQopn−1. Then g(xa) =∑
i g(x(αiβi)) =
∑
i g((xαi)βi). Now deg(xαi) = m+ kn+1 ∈ S and the upper diagram above
gives
∑
i g((xαi)βi) =
∑
i g(xαi)βi , while the lower diagram gives that the latter expression
equals
∑
i (g(x)αi)βi =
∑
i g(x)(αiβi) = g(x)
∑
i αiβi = g(x)a, using the associative property
of the A-module N . One can proceed in an analogous way when x ∈ Mm+kn+1 and a ∈ Λ!n, but
taking a decomposition a =∑i βiγi , where βi ∈ Λ!n−1 = KQopn−1 and γi ∈ Λ!1 = KQop1 . Ac-
cording to Proposition 4.1, we conclude that g :MS → NS is a morphism in GrAU . Since, by
definition, both MS and NS are liftable with respect to (−)S and generated in degrees belonging
to (S : U), Theorem 2.7 of [11] tells us that there exists a unique morphism η :M → N in GrΛ!
such that ηS = g. It is now a mere routine to check that f¯ = υ(η) : I · → J · is a morphism in
nLC∗Λ such that H(f¯ ) = f . 
We can now put together all the pieces of the puzzle. Recall from [11] that if X ∈ GrΛ!U , with
Supp(X) ⊆ S , and μm+kn,1 :Xm+kn⊗Λ!1 → Xm+kn+1 and μm+kn,n :Xm+kn⊗Λ!n → Xm+(k+1)n
are the multiplication maps, then, working within the right Λ!-module Xm+nZ ⊗ Λ!, it makes
sense to consider Ker(μm+kn,1)Λ!n−1, which is a Λ0-submodule of Xm+kn ⊗Λ!n. We now have:
Theorem 4.3. Let n 2 be a positive integer and consider the subsets U = nZ ∪ (nZ + 1) and
S = m+U , where m ∈ Z. Let us assume that Λ is a graded factor of a path algebra with relations
of degree  n. There is an equivalence between the following categories:
(1) The full subcategory L(S,U) of GrΛ!U with objects those X which are generated in degrees
belonging to (S : U) and satisfying that Ker(μm+kn,1)Λ!n−1 ⊆ Ker(μm+kn,n), for all k ∈ Z.
(2) The full subcategory Y(S,U) of C(GrΛ) whose objects are the Hm-liftable (2-)complexes
(I˜ ·, d˜ ·) satisfying condition (a) below, in case n = 2, and both conditions (a) and (b), in case
n > 2:
(a) I˜ j is almost injective and cogenerated in degree −δm(j), for every j ∈ Z;
(b) Socgr(I˜ 2j+1) ⊆ Im(d˜2j ), for all j ∈ Z.
Moreover, L(S,U) contains all the graded Λ!U -modules presented in degrees belonging to
(S : U).
Proof. In case n = 2 everything is trivial, and is actually a shifting version of the equivalence
GrΛ!
∼=−→ LC∗Λ of [10, Theorem 2.10]. Indeed instead of the functor ν = νΛ there given, ours here
is the composition GrΛ!
ν−→ C(GrΛ) ?[m]−−→ C(GrΛ).
For the case n > 2, notice that (S : U) = m + nZ. From Proposition 3.3, Proposition 4.2 and
[11, Theorem 2.7] we get the following diagram, where all the thick arrows are equivalences of
categories:
130 R. Martínez-Villa, M. Saorín / Journal of Algebra 315 (2007) 121–133G(S,U) ∼=
υΛ
∼=(−)S
G∗(S,U)
H∼=
L(S,U) Y(S,U).
Then the squig arrow making commute the diagram is also an equivalence. 
Remark 4.4. We make explicit, in case n > 2, the definition of the equivalence L(S,U) ∼=−→
Y(S,U). Assume that Λ = KQ
I
, where I is generated by ρ ⊆∐in KQi . Then Λ! = KQ
op
〈I⊥n 〉 .
If X ∈ L(S,U), then we have a morphism of Λ0-modules ξ = ξk :Xm+kn+1 ⊗ Λ!n−1 =
Xm+kn+1 ⊗ KQopn−1 → Xm+(k+1)n defined as follows. Any element of Xm+kn+1 ⊗ KQopn−1 can
be written as
∑
p∈Qn−1 xp ⊗ po, for uniquely determined xp ∈ Xm+kn+1et(p), where ei denotes
the idempotent of KQ0 corresponding to the vertex i ∈ Q0. Since Xm+kn+1 = Xm+knΛ!1 =
Xm+knKQop1 , we can write xp as xp =
∑
α∈Q1,o(α)=t (p) xα,pα
o
. Then we put ξ(
∑
p∈Qn−1 xp ⊗
po) = ∑α,p xα,p(αopo) =
∑
α,p xα,p(pα)
o
. That ξ is well-defined follows from the in-
clusions Ker(μm+kn,1)Λ!n−1 ⊆ Ker(μm+kn,n) given by the theorem. We put then I˜ 2j =
HomΛ0(Λ,Xm+jn)[m + jn] and I˜ 2j+1 = HomΛ0(Λ,Xm+jn+1)[m + jn + 1], for all j ∈ Z.
The differential d˜2j is completely identified by the map HomΛ0(Λ1,Xm+jn) → Xm+jn+1 which
takes f 
∑
α∈Q1 f (α)α
o and the differential d˜2j+1 : I˜ 2j+1 = HomΛ0(Λ,Xm+jn+1)[m +
jn + 1] → HomΛ0(Λ,Xm+(j+1)n)[m + (j + 1)n] = I˜ 2j+2 is completely identified by the
map HomΛ0(Λn−1,Xm+jn+1) = HomΛ0(KQn−1,Xm+jn+1) → Xm+(j+1)n which takes f ∑
p∈Qn−1 ξ(f (p) ⊗ po). It is a mere routine to check that the equivalence given by last theorem
takes X onto the here defined (I˜ ·, d˜ ·).
Remark 4.5. If, instead of taking the functor ν = νΛ of Proposition 2.2 as basis of our arguments,
one takes the functor Ψ = ΨΛ of Proposition 2.1, then one gets results dual to those in Sections 3
and 4. In the case of locally finite graded modules, we can alternatively see that by using the
canonical duality D. Indeed, we have D(N ⊗ Λ) ∼= HomΛ0(Λ,N), for all N ∈ modΛ0 , and
then the commutativity of the following diagram follows, where υΛ is taken for graded left Λ!-
modules:
Λ! lfgr
υΛ
∼=
D ∼=o
nLc∗Λop
∼=o D
lfgrΛ!
ΨΛ
∼=
nLcΛ.
We make explicit, without proof, the dual of Theorem 4.3, leaving the rest for the reader.
We have a canonical additive functor G = Gm : nLCΛ → C(GrΛ) defined as follows. If
(P ·, d ·) ∈ nLCΛ then its image by G is (P˜ ·, d˜ ·), where P˜ j = P−δm(−j) and the differentials are
d˜2j−1 = d−m+jn−1 : P˜ 2j−1 = P−m+jn−1 → P−m+jn = P˜ 2j and d˜2j = d−m+(j+1)n−2 ◦ · · · ◦
d−m+nj : P˜ 2j = P−m+jn → P−m+(j+1)n−1 = P˜ 2j+1, for all j ∈ Z. To state the desired dual, for
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tiplications Δs,u :X−s−u → X−s ⊗ KQu, for all (s, u) ∈ (S,U), such that s + u ∈ S and u 0.
By definition, one has Δs,u(x) =∑p∈Qu xp¯o ⊗p, where p¯o is the image of po by the canonical
projection KQopu Λ!u. We are now ready to state the dual of last theorem.
Theorem 4.6. Let n 2 be a positive integer and consider the subsets U = nZ ∪ (nZ + 1) and
S = m+U , where m ∈ Z. Let us assume that Λ is a graded factor of a path algebra with relations
of degree  n. There is an equivalence between the following categories:
(1) The full subcategory Lo(S,U) of GrΛ!U with objects those X which are cogenerated in
degrees belonging to −(S : U) and satisfy that the following diagram in ModΛ0 can be
completed for all k ∈ Z:
X−m−(k+1)n
Δ
X−m−kn ⊗KQn
∼=
X−m−kn−1 ⊗KQn−1
Δ⊗1 X−m−kn ⊗ KQ1 ⊗KQn−1.
(2) The full subcategory Yo(S,U) of C(GrΛ) whose objects are the Gm-liftable (2-)complexes
(P˜ ·, d˜ ·) satisfying condition (a) below, in case n = 2, and conditions (a) and (b), in case
n > 2:
(a) P˜ j is a projective graded Λ-module generated in degree δm(−j), for every j ∈ Z;
(b) Ker d˜2k−1 ⊆ P˜ 2k−1 · J gr(Λ), for all k ∈ Z.
In case Λ is a n-Koszul algebra with Yoneda algebra E = E(Λ) we know from [7, Theo-
rem 9.1] (see also [4, Proposition 3.1]) that there is an algebra isomorphism ϕ :E ∼=−→ Λ!U , which
we fix from now on, such that ϕ(Ej ) = Λ!δ(j), for all j ∈ Z. We see it as an identification and,
abusing of notation, we write Ej = Λ!δ(j), for all j ∈ Z. Hence, if V ∈ GrE , we have multiplica-
tion maps μ˜2k,1 :V2k ⊗E1 = V2k ⊗Λ!1 → V2k+1 and μ˜2k,2 :V2k ⊗E2 = V2k ⊗Λ!n → V2k+2 and
we can take Ker(μ˜2k,1)Λ!n−1, which is an Λ0–Λ0-sub-bimodule of V2k ⊗ Λ!n = V2k ⊗ E2. We
then have the following consequence of Theorem 4.3:
Corollary 4.7. Let n 2 be a positive integer and consider the subsets U = nZ ∪ (nZ + 1) and
S = m + U , where m ∈ Z. If Λ =⊕i0 Λi is a n-Koszul algebra and E is its Yoneda algebra,
then there is an equivalence between:
(1) The full subcategory LE of GrE , which, in case n = 2, coincides with GrE and, in case
n > 2, has as objects those V ∈ GrE which are generated in even degrees and satisfy that
Ker(μ˜2k,1)Λ!n−1 ⊆ Ker(μ˜2k,2), for all k ∈ Z;
(2) The full subcategory Y(S,U) of C(GrΛ) defined in Theorem 4.3.
Moreover, LE contains all the graded E-modules presented in even degrees.
Proof. In case n = 2, one has E = Λ!, LE = GrE and Y(S,U) is the full subcategory of C(GrΛ)
consisting of those complexes (I˜ ·, d˜ ·) such that I˜ j is almost injective and cogenerated in degree
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equivalences νΛ : GrE = GrΛ!
∼=−→ LC∗Λ and ?[m] :LC∗Λ
∼=−→ Y(S,U).
We next assume n > 2. Then, from [11, Theorem 2.7, Corollary 4.10 and Remark 4.11] we
get equivalences of categories LE ∼= G(S,U) ∼= L(S,U) and, using Theorem 4.3, also an equiv-
alence L(S,U) ∼= Y(S,U). 
Example 4.8. Let us take a positive integer n > 2 and consider the truncated algebra Λ =
KQ/〈Qn〉, so that Λ is n-Koszul and Λ! = KQop . We give the equivalence of last corol-
lary when m = 0 (i.e. S = U = nZ ∪ (nZ + 1)). Then, as ungraded algebras, E = Λ!U =
(KQop)U . The classical grading of E is given by assigning degree 1 to the αo ∈ Qo1 and
degree 2 to the po ∈ Qon. Then the subcategory LE consists of those V ∈ GrE which are
generated in even degrees and satisfy that if
∑
α∈Q1 xαα
o = 0, for a family of elements (xα)
in V2j , then
∑
α∈Q1 xα(α
oqo) = 0 for all q ∈ Qn−1. Using Remark 4.4(1) we then get that
the equivalence LE ∼=−→ Y(U,U) maps V onto the cochain complex (I˜ ·, d˜ ·) defined as fol-
lows: (i) I˜ 2j = HomΛ0(Λ,V2j )[jn] and I˜ 2j+1 = HomΛ0(Λ,V2j+1)[jn + 1], for all j ∈ Z;
(ii) the differentials I˜ 2j = HomΛ0(Λ,V2j )[jn] → HomΛ0(Λ,V2j+1)[jn + 1] = I˜ 2j+1 and
I˜ 2j+1 = HomΛ0(Λ,V2j+1)[jn + 1] → HomΛ0(Λ,V2j+2)[(j + 1)n] = I˜ 2j+2 are defined by
the formulas d˜(f )(a) =∑α∈Q1 f (aα)αo and d˜(g)(a) =
∑
p∈Qn−1 g(ap) · po, for all a ∈ Λi ,
f ∈ HomΛ0(Λi+1,V2j ) and g ∈ HomΛ0(Λi+n−1,V2j+1). The last multiplication · :V2j+1 ⊗
Λ!n−1 → V2j+2 is given by (
∑
α∈Q1 xαα
o) · po =∑α∈Q1 xα(αopo) =
∑
α∈Q1 xα(pα)
o
, for all
p ∈ Qn−1 and all x =∑α∈Q1 xααo ∈ X2j+1, where the xα belong to X2j .
If M ∈ lfgrΛ we shall say that M is n-co-Koszul when it is cogenerated in degree 0 and its
minimal (almost) injective graded resolution I˜ ·M satisfies that I˜ j is cogenerated in degree −δ(j),
for every j  0, where δ = δ0. In particular, I˜ ·M satisfies conditions (a) and (b) of Theorem 4.3
for m = 0. It is easy to see that the assignment M  I˜ ·M yields a fully faithful embedding of
the category Kon(Λ) of n-co-Koszul Λ-modules into C(lfgrΛ). We denote by Kn(Λ) the full
subcategory of Λlfgr formed by the n-Koszul modules. It would be interesting to have an answer
to the following question:
Question and Remark 4.9. Let Λ be a n-Koszul algebra (n > 2). Which are the n-co-Koszul
modules M such that I˜ ·M is H0-liftable (and, hence, belongs to Y(U,U))? If we denote the
corresponding full subcategory of lfgrΛ by KoH (Λ), then its image by the canonical duality
D : lfgrΛ →Λ lfgr, which we denote KG(Λ), consists of those (locally finite) n-Koszul modules
whose minimal graded projective resolution is G0-liftable (see Theorem 4.6). Now, going back-
ward in Corollary 4.7, we get a contravariant fully faithful embedding KG(Λ) ∼=
o−−→ KoH (Λ)
LE ↪→ GrE which takes indecomposable projective graded Λ-modules onto simple graded E-
modules and simple graded Λ-modules onto indecomposable projective graded E-modules. The
last assertion follows from [4, Section 3], where the authors prove that the minimal projective
resolution of Λ0 in ΛGr is obtained by contraction of the Koszul n-complex, and is thereby
G-liftable.
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